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Abstract 

We study the lepton sector of a four generations model based on the discrete flavor group A5. 
The best features of the three family A4 model survive, including the tribimaximal pattern of three 
generation neutrino mixings. At leading order the three light neutrino mass relations of m Vl = m U3 
and m U2 = are predicted. The splitting of the neutrino masses can be naturally obtained as a 
result of the breaking of A§ down to A^ and a degenerate spectrum is preferred in our model. The 
electron mass is zero at tree level, but calculable through quantum corrections in our A^ model. 
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I. INTRODUCTION 



Recently there has been considerable efforts to explore the possibility of a fourth genera- 
tion of fermions in the standard model (SM). In particular these studies of fourth generation 

nn 

include its constraints by current electroweak precision data [1H4J], its interplay with Higgs 
physics J5|, CP violation effects in 5-physics 6| and accessibility of the fourth generation 
quarks pj and leptons 8| at the Large Hadron Collider (LHC) . For a recent review of fourth 
generation physics, see for example Ref. 9]. 

In this paper, we will focus mainly on the fourth generation of leptons and comment 
only briefly on inclusion of the extra quark family toward the end. If we assume the flavor 



symmetry of the lepton sector is described correctly at tree level by an v4 4 model [lOMlTT] . we 
then need to reconcile the prospects of a heavy fourth generation of leptons with the results 
known for the neutrinos in the first three generations. This requires that we extend the 
successful results of A4 models, such as tribimaximal mixing (TBM), to the four generation 
model. The simplest approach is to demand a model where the A± model can be minimally 
embedded. The simplest extension of this type is based on A 5 where surprisingly many new 
features arise, some of which will be immediately testable in the next round of neutrino 
experiments or at the LHC. 

In the literature there has been numerous discussions of three generation lepton flavor 
symmetry using the A 5 group. It is well known that the tribimaximal value of the solar 
mixing angle = tan _1 (4=) = 35.26°, which is very close to the experimental best- 

fit value of 34.43°. In Refs. 18|, |l9[ the solar mixing angle is related to the golden ratio 



(1 + VE)/2 20J via 12 = tan" 



l/i- 



31.72° which is 2cr below the experimental 



best-fit value. The icosahedral group /, isomorphic to the permutation group A 



ras also 



21 



231 ] (also see recent reviews in 



24 



25|) 



been utilized in lepton flavor symmetry in Refs. 
where the golden ratio also shows up naturally. This suggests a possible connection to A 5 
as shown in Ref. 26] . Another interesting parameterization involving the golden ratio is 







12 



cos 



and ^cabibbo = jo introduced in Ref. [23] for both the lepton and quark 



sectors. This might have connection with the A§ group as well. 

In this paper we propose the four generation lepton sector fit into the context of an 
A 5 x Z 2 x Z 3 symmetry where A 5 subsequently breaks into A4, with the goal of retaining the 
tribimaximal mixing as well as the lepton mass pattern (three hierarchical charged leptons 
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and three tiny neutrino masses). In Section 2 we begin with a brief introduction of the 
discrete group A§ (for more details see Appendix A) and then utilize the structure to the 
products of its irreducible representations to construct a four generation lepton model. In 
Section 3 we work out the lepton mass spectrum and discuss how the tribimaximal mixing is 
embedded in this model. Some of the rich flavor physics phenomenologies of this model are 
also discussed. Finally, we conclude in Section 4 with some comments on collider physics 
implications. We also comment on the natural extension of our A% model to the double 
icosahedral group I' as the flavor symmetry to describe four generations of both quarks and 
leptons. 

II. THE MODEL 

There are five irreducible representations (irreps) of A 5 : one singlet 1, two triplets, 3 and 
3', one quartet 4 and one quintet 5. The character table and the multiplication rules of the 
five irreducible representations are given in Appendix A. 

Our model is based on A 5 with an additional Z 2 x Z 3 symmetry to avoid unwanted 
terms in the Lagrangian. We assign the four generations of left-handed lepton doublets to 
A$ x Z2 x Z3 as follows: 



(1) 



L M (4,+l,w) 

where | 1 ] with % — 1, 2, 3, 4 represents the left-handed lepton doublets of the z th family 

k / L 

and u = e i2n/3 is the cubic root of unity. For the right-handed sector we introduce the 
charged lepton fields 

Z ra (5,-1,+1) , ^ 3 (3,-l,+l) and Zg(l, -1, +1) , -1, +1) (2) 

which transform 3, and two trivial singlets 1 under symmetry respectively. Here 

c stands for charge conjugation. The right-handed neutrinos are assigned as one quintet 5 
and a trivial singlet 

N R5 (5, +!,+!) and iV«(l, +!,+!) . (3) 




We have implicitly embedded the right-handed charged leptons /xr, e R in the 5 dimensional 
irreducible representation (irrep) of A5. 

For the Higgs sector we introduce three A 5 quartet and one A 5 triplet scalars. The first 
quartet S 4 is a gauge singlet which transform as (4, +1, +1) under A 5 x Z 2 x Z 3 . The other 
two quartets are electroweak doublets with Z 2 x Z 3 charges and are written as H 4 (4, +1, u 2 ) 
and H' A (4, — 1, u 2 ). The A^ triplet $3(3, +1, u 2 ) is also an electroweak doublet and has 
nontrivial Z 3 charge. The most general renormalizable Lagrangian of the Yukawa couplings 
among these fields and Majorana mass terms for the neutrinos that are invariant under both 
the standard model gauge group and the A 5 x Z 2 x Z 3 discrete flavor symmetry is 

Yukawa = ^M.N^ N R 1] + ^M 5 N R5 N R5 + Y S1 (S 4 N m N R5 ) + Y S2 (S 4 (l R3 ) c l R5 ) 
+ Y 1 {L L4 N$H 4 ) + Y 2 (L L4 N R5 H 4 ) + Y 3 (L L4 N R5 <S> 3 ) 

+ Y A {L L4 l m H' 4 ) + Y 5 (LlJriH' 4 ) + Y 6 (LlaIriH' 4 ) + H.c. (4) 

Suppose the scalar S 4 develops a VEV (5*4) = (Vg, 0,0,0). It will break the discrete group 
A 5 into A 4 , causing the irreps of A 5 to decompose as 

A 5 A 4 
1 > 1 

3 -> 3 
3' ^3 

4 ^1 + 3 

5 1' + 1" + 3 

Hence the lepton fields are decomposed as 

L Li ^ L L1 {l,+l,u) + L L3 {3,+l,u) , 
Irb -+ ^3(3, -1, +1) + l R r(l', -1, +1) + /m»(l", -1, +1) , 

and 

N R5 -> iV R3 (3, +1, +1) + iV R 2) (l', +1, +1) + ivl 3) (l", +1, +1) . 

Here we assume the right-handed A 4 triplet l R3 is combined with the lepton (l) c R3 shown in 
Eq. (j2J) to form a vector field Il+r,3 so as to insure gauge anomaly cancellation. Similarly, 
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the Higgs scalars decompose as 



and 



S 4 ^ 1 S 1 (l,+l,+l) + 1 S 3 (3,+l,+i) 

H A -> H x (l, +1, u 2 ) + H 3 (3, +1, u 2 ) 
H' 4 -> H[(l, -1, u 2 ) + H' 3 (3, -1, w 2 ) 



$ 3 ->$ 3 (3,+W 



After this stage of — >■ breaking via (S4), the Yukawa Lagrangian can be written as 



Y f 



(V s + S 1 )(N R 2) N i R 3) + N m N m ) + S 3 (N R3 N R3 ) 
+ Y S2 [(Vs + Sjilwyim + S 3 (l R3 ) c (l R3 + l RV + Zjh»)] 
+ Yi 



+ ^2 
+ Y 3 



L L iN R3 H 3 + L L3 N R3 (H X + H 3 ) + L L3 (< 2) + N%>)H X 



r(3)^ 



+ Y 4 [L L1 l R3 H' 3 + L L3 l R3 (H[ + H' 3 ) + L L3 (l RV + Zi?i")i? 3 ] 



+ n 



LliI r }h[ + L L3 l { ^lH 3 



+ Y 6 



+ H.c. 



For convenience, the multiplication rules for A 4 are summarized in Appendix B. 



III. PHENOMENOLOGY 



We begin with the mass spectrum of the leptons. 



A. Charged Lepton Masses 



(5) 



After the subsequent breaking of the and SM gauge symmetries due to the VEVs of 
the scalar fields S 3 , Hi, H 3 , H[ and H' 3 , the charged lepton mass terms are given by 

Li = Y S2 [(V s + (S 1 ))(l R3 ) c l R3 + (S 3 )(l R3 ) c (l R3 + l RV + l m ,,)\ 

+ Y 4 [L Ll l R3 (H' 3 ) + L L3 l R3 ((H[) + (H' 3 )) + L L3 (l RV + l R y,){H' 3 )\ 



+ Y 5 



LliI r I (H[) + L L3 l^{ (H 3 ) + Y 6 L L1 l^[ (H[) + L L3 l^[ (H 3 ) 



,(2) IrrlS 



r(2)/o-/> 



(6) 
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We take the VEVs of H' 3 and H[ to be 

(h 3 ) = (K>K>K) and ( H 'i) = v ( . 

which yields the 7x7 charged lepton mass matrix of the form 



Mi 



(7) 



Y 6 V{ 


Y 6 V{ 








Y&k 










YaK 




Y 4 V{ 


Y 4 V> 3 


YaV1 2 


w a 


YeVi 




tu 2 Y 4 V 3 \ 


Y*K 


y,v; 










uY,Vi A 






y 4 v; 








Ys2\S3)l 


Ys2{Sz)\ 


Y S 2{Vs + (S 1 )) 


Y S 2(S 3 ) 3 


Xs2(<S , 3/2 










U 2 Y S 2(S3)2 


Ys2{Ss)3 


Y S2 (V S +{S 1 )) 


Ys2(S 3 ) 1 








U 2 Ys2{S3)3 


uY S2 (S 3 ) 3 


Ys2{Ss)2 


Y S2 (Sz) 1 


Y S2 (V S + (S 1 )) J 



written in the left-handed and right-handed charged leptons bases given by (Lh,Ll 3 = 
(L L3l ,L L32 ,L L33 ),l c m = (I c R3i ,Ir 32 ,Ir 33 )) and (1^,1^1, Iri',Iri",Ir3 1 ,Ir3 2 Jr3 3 ) T respectively. 
Note that the first two columns of the mass matrix are proportional to each other, hence 
the determinant of this matrix is zero, Det(Mj) = 0, which implies it has a zero eigenvalue 
to be identified as the electron mass. We thus predicts the electron is massless at tree 
level in our model. This is because the two A§ singlet right-handed charged leptons (see 
Eq. (j2J)) have the same Yukawa couplings structure due to the A 5 multiplication rules and this 
result is independent of the values of VEVs. The construction provides another example 
of electron-muon universality proposed in Ref 



28 



where a class of models was devised 



to evaluate the small ratio m e /m^. Under the assumption that the A 5 breaking scale is 
much higher than those for the breaking of A 4 and the SM gauge symmetries, namely 
Vs 3> (Si), (S3), (H[), and (H' 3 ), we can treat the vector field Il+r,3 as being decoupled from 
the four chiral lepton generations, while their mixings can be ignored at leading order. If we 



set VI 



V 3 = V for simplicity, then we obtain the following charged lepton masses 



for the four generations 



and 




1 

2 

1 

2 



m, 



V3Y 4 V' 



(Y 5 V{ + (Y 6 - Y 4 )V) - V( W + (Y 6 - Y A )V'Y + 4Y A (Y 5 V{ + 3Y 6 V')V' 



(Y 5 VI + (Y 6 - Y 4 )V) + y/(Y 5 V{ + (Y 6 - Y 4 )V'f + 4Y 4 0W + 3Y 6 V')V 
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(9) 



TT/ TTI y 

/ \ 



— 1 x 1 »- • 



FIG. 1: A 1-loop diagram which gives the electron a finite small mass through new vector leptons. 



A 95% CL. lower mass limit for the heavy charged leptons is set around 100 GeV 29] 
which can be used to give bounds on the unknown parameters in Eq.(j5J). A finite electron 
mass can be generated via a 1-loop diagram through the intermediate vector fermions as 



illustrated in Fig . [TJ The result is simi 



mass 



28 



3CH32J or fermion spectrum 33 



ar to the many earlier attempts to calculate electron 



The electron mass is estimated to be 



Y 2 

1 4 



m 



u 



Y 2 

1 4 



rn 



n 



(10) 



167r 2 m L+jRj3 16ir 2 Y S 2 V s 

where we ignore both mixings in lepton and scalar sectors and m# represents the com- 
mon mass scale of scalars for simplicity. By using Eq. (jH]) we have the relation m e /m M m 
We should point out that the result depends sensitively on several param- 
3o]-33]; however, a recent study in Refs. [34| indicates 



Wn 2 Y s2 V s V' 



eters as in many previous works 



2N 



that the parameters could be reduced considerably. 

Note that the charged lepton are given masses by the VEV (H ; A ) which is not directly 
related to the neutrino masses, so we can calculate the mass eigenstates of charged leptons by 
using the biunitary transformations to diagonalize the mass matrix M;. The rotation matrix 
of left-handed fields can be absorbed into the redefinition of Higgses H[ and ^3, while the 
rotation of the right-handed charged leptons will not affect the tribimaximal mixings for 
neutrinos at leading order. 

B. Neutrino Masses 



We next turn to the neutrino masses. The full neutrino mass matrix in the model is a 
10 x 10 matrix, written as 



M,, 



M' UL (A x 4) = 


M D (4 x 6) 


M£(6 x 4) 


M Nr {Q x 6) 



(11) 
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Mm 



(12) 



From Eq. flSJ) we obtain the 6x6 right-handed neutrino mass matrix 
in the (N® , N R 2) , N R 3) , N R3l , N R32 , N R3:j ) basis 

( Mi \ 
M 2 
M 2 
2M 2 
2M 2 
\ 2M 2 / 

where we define M 2 = |M 5 + YsiVs- Since the A 5 breaking scale Vs is assumed to be higher 
than the subsequent breaking scales of the A 4 and SM gauge symmetries, we ignore the 
effects of (S 3 ) in the following discussion of the derivation of tribimaximal mixings and we 
will treat these effects as perturbations when we calculate the neutrino mass spectrum. 
The Dirac mass terms of the neutrino sector are given by 



J Dirac 



Y 1 



L L1 N$H X + L L3 N R l) H 3 



Y 2 L L3 N m H 1 + L L1 N R3 [Y 2 H 3 + V 3 $ s 



+ L L3 N R3 [Y 2 H 3 + Y 3 $ 3 ] + L L3 (N R 2) + N R 3) ) [Y 2 H 3 + Y 3 ® 3 ] . (13) 

We see that the linear combination of the two A4 triplet fields, H 3 and $3, contribute to 
the Dirac neutrino masses. One can decouple the fourth generation neutrino from the three 
light generations and satisfy the conditions of tribimaximal mixings by assuming the VEVs 
of H 3 are relatively small compare to the VEVs of $3 as we will demonstrate below. Hence 
the Dirac matrix of the neutrino sector Mr> is given by 



T 



v L M D N R 



VL\ v L3 x v L3 2 u L3 3 



( Y x v Hl 






Y3V ^ Y 3 Vfc F 3 ^ 3 \ 

Y 3 v 4>1 Y s v^ Y 2 v Hl V 3 ^ 3 Y^Vfa 

u}Y 3 Vfo u^Vfo Y 3 v<t, 3 Y 2 v Hl Y 3 Vfa 

w 2 V 3 ^ 3 uYriVfa Y 3 v^ 2 Y 3 v 4>1 Y 2 v Hl J 



N 
N 



(2) 
R 

(3) 



R 
N R3l 

N R32 

V ^3 3 / 



(14) 



where we set the VEVs ($3) = (v^, t>0 2 , ^ 3 ) and (Hi) = v Hl . 
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The left-handed Majorana mass matrix M VL is obtained by the seesaw mechanism 



M VL = M D M- N \M T D , 
thus the ten components of the 4x4 symmetric matrix can be written as 



M, 



^lOli,^li) 



M, 



Vh(yLl,fLSo) 



M, 



M, 



M, 



M, 



M, 



M, 



M x 2M 2 

Y^Y&faVHi + 2Y 3 v <t>2 v 4>3 
2M 2 

Y^V^Hi + 2Y 3 V <Pi V 4>3 

2M 2 

Y 2 Y 3 v^ 3 v Hl + 2Y 3 2 v <j>1 v (j)2 
2M 2 

2M 2 

2Y 2 Y 3 v Hl v 4 , 3 - YgvfaVfa 
2M 2 

2Y 2 Y 3 v Hl v 4 , 2 - YgvfaVfa 
2M 2 

Y 2 2 v 2 Hl + Yi(vl i+ Avl 2 + vl) 
2M 2 

2Y 2 Y 3 v Hl v (f>1 - Y^v^Vfo 



2M 2 



M, 



VL(VL3 3 ,VL3 3 ) 



Yiv^ + YHv^+vl + Av* 



4>3> 



2M> 



(15) 



(16) 



We can diagonalize the 4x4 symmetric mass matrix M VL by writing it in the form 

( A B C d\ 
B E F G 

M Vh = 

C F H I 
\D G I J J 

in the (v T >, u T , v e ) basis, and then using the unitary transformation, 

Mdiag — Ur^ BM M VL Urj? BM , 



(17) 



(18) 



where the 4 generations mixing matrix in the tribimaximal mixing limit can be expressed as 



/ 



U TBM 



10 

75 "75 



\ 



i / 1 



(19) 
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There are six conditions corresponding to the vanishing off diagonal terms, viz. 

E = H , G = I , (20) 
G + J = E + F , (21) 
B = C = D = . (22) 

Eq. fl20|) implies = v$ 2 and the solution for Eq. (j2*T|) is 

iaK - Ufc) + 3^ 3 ) - 2V 2 ^J = . (23) 

Together with the conditions from Eq. (1221) we have only one consistent solution, = v^ 2 
= Vfa = v. Thus we write 

(Q 3 ) = (v,v,v) (24) 
and the constraint from Eq. (|22|) becomes 

oy; 

^ = . (25) 



This leads to the four neutrino masses 



15Yjv 2 
m U2 = , 

m Ul = m U3 . (26) 

The parameters in the first term of m VA all differ from those in the expressions for the 
other three SM neutrinos, hence they can be used to easily satisfy the experimental bound 
m Ui > Mz/2. At leading order the three light neutrino masses are m Ul = m u:j and m U2 = 0, 
which are phenomenological unacceptable. However, the inclusion of perturbative effects 
on the masses due to the heavy Majorana neutrinos through the VEVs of 5*3 will correct 
the above three light neutrinos masses and allow a good fit to the oscillation data. We 
note that this perturbative effect is from the assumed A$ symmetry and its subsequent 



spontaneous break down to A4. The situation is similar to the proposal in Ref. (35|, in 
which the neutrino masses can be split by the small VEVs of several heavy Higgs triplets 
which are assigned to different representations of the A 4 group. Therefore, taking the VEVs 

10 



of S 3 , to be (S 3 ) = (Si, 6 2 , S 3 ) 
as shown in Eq. f|T2|) are 



the perturbations to the right-handed Majorana mass matrix, 



M 



( Mi 












M 2 








M 2 










2M 2 
Y S1 S 3 







Ysi5 3 
2M 2 







Y S1 5 2 
Y S1 5 1 



(27) 



Y S1 5 2 Y S1 S ± 2M 2 J 



The three light neutrino masses become 



m 



1'2 



m,. 



for S\ 7^ and S 2 = S3 



m 



6Y£v 2 
— h 

M 2 

3Y 2 v 2 
2M 2 
(2M 2 H 



2M 2 + YsiSi 
2Y 3 2 v 2 



Y 3 2 v 2 



(2M 2 + Y S iSi)Y 2 v 2 
2M 2 -Y S iSi M 2 (2M 2 -Y S iSi] 



Y S iSi)Y 2 v 2 , (2M 2 + Y S iSi) 2 Y 2 v 2 



2M 2 



+ 



YliSl) 



9Y 2 v 2 



2Y 2 v 2 



2M 2 2M 2 - YsiSi 
(2M 2 + Y S iSi)Y 2 v 2 
AM 2 



2M 2 (AM 2 
(2M 2 + Y S iSi)Y 2 v' 
(2M 2 
(2M 2 + 



- Y S iSi)M 2 
Y S iSifY 2 v 2 



m 



9Y 2 v 2 

— h 

2M 2 

3Y 2 v 2 



2M 2 (AM 2 -Y 2 l S 2 ) ' 
0. Similarly, for the cases of (0, S 2 , 0) and (0, 0, S3) we have 
6M 2 3 



(28) 



4M| 



+ 



Y 2 v 2 



+ 



2Y 2 v 2 



2M 2 - Y S iS 2 
(2M 2 + Y S iS 2 )Y 2 v 2 



2M 2 2M 2 -Y S iS 2 M 2 (2M 2 -Y S iS 2 ) 



(2M 2 + Y S iS 2 )Y 2 v 2 (2M 2 + Y S iS 2 ) 2 Y 2 v 2 



2M| 



9Y 2 v 2 



2Y 2 v 2 



YliSl) 

r 2„,2 



2M 2 (AM 2 

{2M 2 + Y S iS 2 )Y 2 v 2 , (2M 2 + Y S iS 2 ) 2 Y 2 v 2 



+ 



2M 2 2M 2 -Y S iS 2 M 2 (2M 2 -Y S iS 2 ) 2M 2 (4M. 



Y 2 S 2 ) 

1 Sl°2) 



(29) 



and 



m,. 



m 



"'2 



m 



3Y 2 v 2 
Mo 



+ 



9Y 2 v 2 



2M 2 -Y^S 



3Y 2 v 2 
2M 2 
6Y 2 v 2 



+ 



Sl«3 

2Y 2 v 2 



2Mo 



Mo 



+ 



Y 2 v 2 



Y S iS 3 
+ 



2M 2 + YsiS 



Y 2 v 2 (2M 2 + Y S iS3) 
8M| 

3y 3 V(2M 2 + y sl ^) 

AM 2 



+ 



y 3 V(2M 2 + y sl (?3 

8M| 



(30) 
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respectively. Note that the above three sets of equations reduce to Eg. ( 126]) when Si — > as 
they should. In these three cases we have the decoupling fourth neutrino mass which should 
be required to satisfy 

m - - YJ ur + (ssrnw; + i )K2 " 2 > Mz/2 ■ (31) 

By assuming the new physics to be around ~ 1 TeV, and taking v Hl = 220 GeV, v = 10 
GeV, Y sl S i=1>2t3 = 400 GeV, M 1 = 500 GeV, M 2 = 10 8 GeV, Y 1 = 1, and Y 3 = 10~ 3 , we 
have 

m U3 « 0.75 x 10" 2 eV , m U2 « 5.4 x 10" 6 eV , m vi « 0.35 x 10~ 2 eV ; 
m U3 » 0.75 x 10^ 2 eV , m V2 w 6.0 x 10~ 9 eV , m vi w 0.70 x 10~ 2 eV ; 

w 0.75 x 10" 2 eV , m V2 w 6.0 x 10" 15 eV , w 0.85 x 10" 2 eV ; (32) 

and 

m Ui w 96.8 GeV , (33) 

which satisfies the current 95% CL heavy neutrino mass limit, m VA > 90.3 GeV for Dirac 
coupling and m„ 4 > 80.5 GeV for Majorana coupling j^]. Here the splitting of the fourth 
generation neutrino from the three active neutrinos is caused by the hierarchical spectrum 
Mi,M 2 of right-handed Majorana fields, so it can be argued that the masses of and 
Nr5 have different origins, as shown in Eqs. (Hj) and (1121) . We note that m V2 is too small 
to accommodate the oscillation data. However, the three perturbations #1,2,3 are different 
non-zero quantities, and in general they can be varied at the same time independently. We 
find that the inclusion of a VEV for H 3 and the relaxation of the condition = = 
will alter the tribimaximal mixings and can lead to masses in the range 10 _1 — 10~ 3 eV for 
the three light neutrinos for certain choices of parameters. 1 Therefore, we anticipate that 
higher order corrections will provide enough degrees of freedom to fit the experimental data 
and a degenerate mass spectrum of neutrino masses is preferred in the present model. 



1 A thorough parameter space scan to obtain realistic neutrino mass spectrum is thus quite interesting but 
it is outside the scope of this work. 
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\ s 3 
I \ 

» I 



FIG. 2: A 1-loop diagram for muon (g — 2)^ through new vector leptons. 
C. Some Phenomenology 

The model contains many new sources of lepton flavor violation due to the extra scalars 
and fermions, and is similar to other flavor symmetry models. For example, lepton flavor 



36|. 



violating processes in the A4 models are studied in ref. 

Here we address the presence of the extra contribution to the muon anomalous magnetic 
moment and leptonic rare decay processes (// — > ej, r — > /ry) due to the existence of heavy 
vectorlike field Il+r,3 which does not appear in other non-Abelian discrete symmetry models. 
The current limit of the muon anomalous (7 — 2 is ^\ 

Aa M = (290 ± 90) x 10" 11 , (34) 

which is a 3.2a deviation between SM calculations and experiment 38j. The leading con- 
tribution to the muon anomalous magnetic moment in our model is showed in Fig. |2j and 
yields 

where z = (~~^f^) • Note that we have ignored all the mixing factors in both Higgs and 
lepton sectors. The function F(z) is defined as 

ir ^) = - 2 (i- z )3 [3-4z + z 2 + 21nz] . (36) 
Similar diagrams lead to rare radiative decays of \i — > e^j and r — > /i(e)7. The stringent 



bounds for these decays are [37] 



B(fj, -+ erf) < 1.2 x 10" 11 , B(r -> ej) < 1.1 x 10~ 7 , B(r -> /ry) < 4.5 x 10~ 8 (37) 

at 90% C.L. If the photon is on shell, we can write the invariant amplitude for the decays 
I j hi i n the form 



= 7-^)^ - q) + c 2 P R )] Uj {p) , (38) 



8tt 
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where the matrices Pl and Pr are defined by Pl = (1 — 7.0/2, Pr = (1 + 7s)/2 and 



a tiv _ (2/2) [7^, 7"]. The coefficients c\ and C2 were calculated in 



Cl 



with 



Tim 



H 



irm 



■G(z) and C2 



7rm 



H 



H(z) 
G{z) 



6(1 - z 
1 

'1-2 



1 + 



6 



H(z) + 



62 



and are 
Y?m L , 



R,3 



irm 



G{z) (39) 



H 



l-z il-z) 2 (l-z)Hnz 
2 2 



(40) 
(41) 



1 — 3 (1 — z) 2 In z 

The mixings between the charged leptons are ignored as before. If we take m# = 1 TeV as 
the new physics scale and the limit of m^+R^ w ttih, the anomalous muon magnetic moment 
and the branching ratio of fi — > ej becomes 



Aa M w 5.1 x 10' 



-13 



(42) 



and 



B{fM-> ery) 



a 



6nGpm 2 l m 2 H 



(Y£ 2 + Y*)k 9.7x10 



-11 



(43) 



respectively. Here we have used the relation m M = y/SY^V shown in Eq. ([9]) and assumed 
the VEV of Higgs V ~ M\y and couplings Ys2 = Y4. Similarly the estimate of the branching 
ratio for the r — > ji^ yields 



B(t -»■ fij) w 3.4 x 10" 13 , 



(44) 



which is well below the current experimental bound given in Eq. (137|) . 



IV. DISCUSSION AND CONCLUSIONS 



We minimally extend the three generations A4 lepton flavor symmetry to a four genera- 
tions A 5 lepton flavor symmetry. We find that the tribimaximal pattern in three generation 
neutrino mixings survives, and all the mass bounds on SM leptons can be satisfied. No- 
tably, the electron is predicted to be massless at tree level, hence one must calculate m e via 
quantum corrections. If the masses of the extra heavy leptons are within the reach of the 
LHC, we should be able to test the model. For a sequential fourth generation of leptons, the 
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LHC with ^/s = 7 TeV and an integrated luminosity of 1 fb _1 of data can exclude fourth 
generation charged leptons with masses up to 250 GeV 8j. It may be worth while to repeat 
this analysis for the model where mixings between the sequential fourth generation and 
the extra vector-like leptons are allowed. The lepton flavor violating phenomenology in this 
model is very rich and needed to be studied further. Before we close, we note that A4 ex- 
tended in the binary tetrahedral group T' can provide a model of both the quark and lepton 



sectors 



401 ] . The three generation T 1 model has calculable Cabibbo angle as well as other 



attractive features 



40j. There is an analogous extension of the A 5 to the binary icosahedral 



group I', where the attractive features of the T' model can be utilized and four families of 
quarks and leptons can be accommodated simultaneously [41]. 
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Appendix A: Discrete Symmetry Group and the Icosahedron 




FIG. 3: The regular icosahedron. 

is a discrete symmetry group of even permutation of five objects. Its order, the number 
of elements, is equal to (5!)/2 = 60, which can be divided into 5 distinct conjugate classes. A 
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regular icosahedron (see Fig. [3]) consists of 20 equilateral triangles, 30 edges and 12 vertices. 
The rotations of the icosahedron can be classified into five types, including or 2n rotation 
(the identity), it rotations about the midpoint of each edge, 27r/5 and 47r/5 rotations about 
an axis through each vertex, and rotations by 2tt/3 about axes through the center of each 
face. These five types of rotations form five conjugate classes denoted by 

Cli Ci5, C12, C[ 2 , C*20- (Al) 

Hence the icosahedral symmetry group I also has 60 elements. One can show that the 
icosahedron symmetry group / and the even permutation group are isomorphic. The 
orthogonality relations for A5 imply £)i=i n i = 60, where Hi denotes the dimensionality 
of the irreducible representation Ri, and we know that the number of classes of a discrete 
group is equal to its number of irreducible representation. Therefore, we have five irreducible 
representations (irreps): one trivial singlet 1, two triplets 3 and 3', one quartet 4 and one 
quintet 5. The character table and multiplication rules for A§ are shown in Table [I] and HT1 
respectively. 

The sixty elements of A$ can be generated by two elements, s and t, which satisfy s 2 = 
t 5 = (t 2 st 3 st -1 stst -1 ) 5 = e. The explicit matrix representations of s and t for each irrep can 
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be written down in terms of the golden ratio = 



22] 



1 : s -»• 1, t -»■ 1, 
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(-11 -3 v / 5\ 
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2 
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20 2 
2 
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-1 
1 



20 



202 
1 



1 



(A2) 
(A3) 



(A4) 



(A5) 
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V3 
40 


\ 





V3 




20 




-1 


V3<t> 
2 
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V3 
2 




v/3 
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30-1 
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(A6) 
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3 


3' 


4 


5 


Ci 


1 


3 


3 


4 


5 


Cl5 


1 


-1 


-1 





1 


C20 


1 








1 


-1 


C12 


1 





1-0 


-1 





r" 

°12 


1 


1-0 





-1 






TABLE I: Character table of A§ where = 2 I s the golden ratio. 
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A 5 


1 


3 


3' 


4 


5 


1 


1 


3 


3' 


4 


5 


3 


3 


10 3 5 


4©5 


3' © 4 © 5 


3 © 3' © 4 © 5 


3' 


3' 


405 


1 © 3' © 5 


3©4©5 


3 © 3' © 4 © 5 


4 


4 


3' © 4 © 5 


3©4©5 


l©3ffi3'©4©5 


3©3'ffi4ffi5©5 


5 


5 


3 © 3' © 4 © 5 


3 © 3' © 4 © 5 


3©3 / ffi4ffi5©5 


I©3ffi3'ffi4ffi4ffi5©5 



TABLE II: Multiplication rules for the A5 discrete group. 



Appendix B: A4 Multiplication Rules 

A4 is a discrete symmetry corresponding to the even permutation of four objects. It 
has four irreducible representations: three in-equivalent one-dimensional representations 
(1, 1', 1") and a three-dimensional representation 3. The multiplication rules are given in 
Table [ml 



A 4 


1 


1' 


1" 


3 


1 


1 


1' 


1" 


3 


1' 


1' 


1" 


1 


3 


1" 


1" 


3 


1' 


3 


3 


3 


3 


3 


1 © 1' © 1" © 3 © 3 



TABLE III: Multiplication rules for the A4 discrete group. 



Given two triplets denoted by a = (01,02,03) and b = (61,62,63), the decomposition of 
3 ® 3 can be constructed explicitly as 

(a® 6)1 = 0161 + 0262 + 0363 , 

(a® 6)1' = 0161 + bj 2 a 2 b 2 + wa 3 6 3 , 

(a®6)i» = ai6i + 6^0262 + w 2 a 3 6 3 , (Bl) 

(a<g)6) 3s = (0263 + 0362,0361 + 0163,0162 + 0261) , 

(o<g>6) 3a = (0263-0362,0361-0163,0162-0261) , 

where u is the cube root of unity, cu = e* 2 ""/ 3 . 
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Appendix C: Higgs potential 



In this Appendix we discuss the Higgs potential and its minimization in our model. The 
most general form of the Higgs potential containing the scalar fields 5*4, H 4 , H' 4 and $3, 
invariant under the discrete A 5 x Z 2 x Z 3 symmetries is given by 



V = V(S 4 ) + V(H 4 ) + V(H' 4 ) + V($ 3 ) + V(S 4 , H A ) + V(S 4 , H' 4 ) 

+V(S 4} $ 3 ) + V(H 4 , H' 4 ) + V(Ht, $ 3 ) + V(H' A , $ 3 ) + V(H 4 , H' 4 , $ 3 ) 

where the individual terms are 



+ 



X^ HH '(HlH' 4 UHlH' 4 ) a + n.c. 



V(H 4 ,H' 4 ,<f> 3 ) 



A 



Af*(F 4 t $3) 7 (if 4 t $3) 7 + H.C. 



xf •(H!H'M*l**h + Af 3)MKy 



+ 
A 



Xf *(flJ$ s ) 7 (^J*3) 7 + H.c." 

'*( J E 4 t $ 3 ) 7 (^ 4 t i/ 4 ) 7 + A^(^$ 3 ) 7 (^ 4 t ^4) 



7 

7 



+A^ CE> (i/ 4 T $3) 7 (i/ 4 T i/4) 7 + H.c.. 



(CI) 



ns 4 ) 


= m 2 s S 2 4 + fi s (S 2 4 ) 4 S, + X s a (S 2 4 ) a (S 2 4 ) a , 


(C2) 


V(# 4 ) 


= ij? h (H 4 H 4 )x + X^,{H 4 H 4 ) a {H 4 H 4 ) a ^ 


(C3) 


v(# 4 ) 


— Hh>{H 4 H'^x + A^ (H 4 H 4 ) a (H 4 H 4 ) a , 


(C4) 


V($ 3 ) 


= a4($&,)i + A^J^M^V, 


(C5) 




= 5 HS (H\H 4 ) 4 S 4 + X^ s {H\H 4 ) a (SD a , 


(C6) 


1/(^4,^4) 


= 5 H s (H 4 H' 4 ) 4 S 4 + Af s '{H 4 H' 4 ) a (Sl) a , 


(C7) 


^(5 4 ,$ 3 ) 


= S 0S (^ 3 ) 4 S, + Af ($^ 3 ) /3 (5 4 2 )^, 


(C8) 


V(H 4 ,H> 4 ) 


= A^ {H 4 H 4 ) a {H' 4 H 4 ) a + A^f H {H 4 H' 4 ) a (H' 4 H 4 ) a 





(C9) 
(CIO) 
(Cll) 
(C12) 



Here we have introduced the notations a = 1,3, 3', 4, 5; /3 = 1,3,5; and 7 = 3', 4, 5 
respectively. A§ is broken down to A 4 in the first stage of symmetry breaking, where it 
is not difficult to see that one can always choose the VEVs of the scalar field S 4 to the 
direction (S4) = (Vs, 0, 0, 0), which can be the global minimum of V(S 4 ). The result of this 
allignment is that the A 5 breaking is responsible for the right-handed Majorana masses of 
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Nrs (Eq. fl!2p ) and the remaining three components of which form S3 under A±, will 
generate perturbations of active neutrino masses (Eq. (BT Jl - (f30|) ). As pointed out above, 
the scalar fields will decompose as 4 — > 1 + 3 and 3—7-3 after A 5 breaks into A4. One 
will obtain the A4 symmetry potential with the collective coefficients S's and X's of the 
decomposed fields (Si, S3, Hi, H 3 , H' x , H 3 and $3) from Eqs. (C2)-(C12). Now we turn to 
the minimization of the A4 potential. 

In our discussion all vacua can be accommodated by the large parameter space in the 
Higgs potential except the ad hoc vacuum alignment of $3 shown in Eq. (124)) . The rea- 
son is the existence of the interaction terms between the scalar fields S4, H4, H' A and $3 in 
V(S 4 , $ 3 ), V(H 4 , $ 3 ), V(H' 4 , $ 3 ) and V(H A , H' 4 , $ 3 ). These terms will produce more inde- 
pendent equations derived from the extremum conditions than the unknown VEVs. The 
authors of Refs. 11] and [lsj showed how to deal with the vacuum alignment problem under 



the non-Abelian group symmetry. Here we could extend the model with an extra spacial 
dimension y, via the method introduced in the first paper in llfl . The fields are localized at 
the boundaries y = and y = L as shown in Fig. H] and the configurations will realize the 
needed vacuum. There are non-local effects involving both branes. A detailed explanation 
of this possibility is beyond the scope of this paper. 



n£\n R5 

,(1) ,(2) 



Irs, Irs 

H4, H' A 
5 4 



FIG. 4: Fifth dimension and locations of the field configuration. 
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